OCTOBER, 1898. 


ANNALS MATHEMATICS. 


ORMOND STONE, Editor. 
W. M. THORNTON, 
R. S. WOODWARD, 
JAMES McMAHON, Associate Editors. 
WM. H. ECHOLS, 


OFFICE OF PUBLICATION: UNIVERSITY OF VIRGINIA. 


Volume 7, Numbers 5 and 6. 


Ati CoMMUNICATIONS should be addressed to ORMOND Stone, University Station, Char- 
lottesville, Va., U. S. A. 
Entered at the Post Office as second-class mail matter. 


} 


| 
| 
Be 
. 
~ 
/ 
. 
> 
by 
| 
| 
ir 
‘ { 
. ve 
j 
i 
: 


ECHOLS. ON CERTAIN DETERMINANT FORMS AND THEIR APPLICATIONS. 125 


fe cosar 1 cos 2ax 1 cos naa cos(n 
eos az’ 2? cos 2az’ cosnaz’ 1) cos(n 
fi cosay 1 cos 2ay 1 cos nay 1 cos (n +- ljay 
JY eos az’ 2? cos 2az’ cos naz’ (n 4-1)? cos 4+. 1)az 
1 
+ 1 iv. 0 1 9? 2 1 2 
1 “vin ‘ 
+ "2, 0, & as (n+ 1) 


Muy ,0, 0 1 


Expanding this with respect to the first and second rows, we obtain 


n 1 r+l 4 
fe — fy = 


os rar cosray)— 130 
(cos ra” — COS ray) i (180) 


in which A, does not contain x. 
This may be written 


(— 1)°A, 


In this put « A for x, and « for y, whence 


"sind + (132) 
1 7” cos raz 


In this put « = 0 and / -- x, whence 


fr = fo+ 1)'A, 


sin’ (rar) - Le. (133) 


The value of A, in these four formuliw is, when » is infinite, 


p= 
A,=-—3 2 fz. 


ze 


In (130) put z= y=—t,anda~ 2z//; then, since cos 7v/ = 1, we have 


A, +2 A, cos +h, (134) 
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AND THEIR APPLICATIONS. 
wherein, when ~ is infinite, we have for the constant term 


al 
Wl 


J 
in virtue of (124) and series (45) 
The value of A. is 


In like manner, if we had put 
become 


= y = 0, the constant term would have 


+i 
and the substitution 2 = 7 = 4/ gives 
0 
by series (47). 


If, instead of 27//, we put a = =z/l; then, since cos rz = (— 1)", we have 
mr 

= B, 2 = 4,cos (135) 
wherein the constant term is, for = and z=y=4/ 
respectively, 


1 
2p 2p 
Qp +1)! = S 
1 2p £2p 
BS = 3 = fate 


+H 
” x 1 2) 2p 


the effect of the different substitutions being to change the limits between 
which the function is to be considered 
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Expressions (134) and (135) are the equivalents of the familiar forms of 
the expansion in cosines. 

If, in (134), we put 2 = y = $7, and multiply through by 2 cos (2zrv//), 
and integrate both sides from « — 0 to x = 7, we get 


bell 


! 


the definite integral being the form of the coefficient as usually given. 

It is to be observed that, if we make the substitution 2 = y = 4 / and 
a = 2z// im (128), the signs in (184) become the’same as the signs in (135), 
since cos (7z) = (— 1)’; while the substitution z= y = 4/ anda = z// re- 
quires us to throw out all columns containing odd values of 7, since for these 
values cos 4 7z vanishes. 

37. Consider the expansion of 7 in terms of the functions sin 7, or 


sin vax , 
r 


since the columns will factor to this shape. 

Remembering that in this case the composite can contain no even deriva- 
tive rows in virtue of § 4, and proceeding exactly as in the last article, we 
deduce the formula 

Se — fy= (sin — sin ray) (136) 
yee 


=" 7 Pecos raz cos -y) sing y) + (137) 


in which when » is infinite, we have 


A,=2 °° (z). 


pol 
Put a = 2x/l and z = y = /; then, since cos 2=r = 1, we have 


fe=fore 


sin re, (138) 


assuming that may be infinite. 
If we put 2 — y = 4/ instead of Z, we have, since cos r= = (— 1)’, 
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If fr be a function which vanishes with z, then /(/) = 0, and we may 
write (159) 


F(—2)= = A,sin (140) 
wherein 
poy 1 { / 
A,=2 2 | . 


Multiply both sides of (140) by 2 sin (2z77//) and integrate from 2 = 0 
to « — /, whence 


/ 
if... Sr 
sin 7 32 -% 


1 
the definite integral being the usual form of this coefticient. 

We may derive Fourier’s expansion of fx as a complex harmonic function, 
at once, by the addition of (140) and (134), but we deduce it directly from the 
composite on account of its importance and historical connection with this 


method of treatment. 
38. Consider the expansion of fz in terms of the functions 


1 1. 
cosrax and sin 


Making the substitutions in the composite, we have, 


yr 1. cos ar sin COB NA Sin nar 8) | 

Sy 1, cosay sin ay COS NAY Sin nay » (e, 8) | 

—asinar, » acos ax, NAL, + na cos naz, (n+1)a(s, ©) 

cosaa, sin ar, — COS NAD, — n®a* sin nar, (n+ 1)*%a? (e, 8) 
+49 sin aay — a3 COs sin nar, , — cos nar, (n+1)8a8 (s, ©) 0. (141) 

| 

0, a cos arp (nay cos nary» (na) sin nax», (n+1.a)(e, 8) | 

Wu) 0 0 0 0 1 


The symbol (¢, s) means that either cosine or sine may be used in the last 
column. In (141) put @ = 27//, and 


(noticing as we make this substitution what would result if, instead, we made 
the substitution 7, =... — = 0, or 
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We have throughout the body-determinant, sin 7 — 0 and cos rz = (— 1)’. 

Factor the a’s from the rows, and the negative signs out of the body- 
determinant ; continuing to write a for 2z// for brevity. Expand (141) accord- 
ing to the method of § 30, and consider the determinant /x. In /%, run the 
first column and row to the middle, the sines to the left and cosines to the 
right, the odd derivative forms to the top and the even ones to the bottom ; 
thus obtaining / in the following shape : 


sin ... 


’ 


+ sin var, 
n 


0 
0 
0 
0 


($2) 

fe, 


« 

” / 

(4/) 
1 
1 

(4/) 


0; 
, 
0 
0 
COS ar , 
% 
1 
12-2 


0 0 

0 0 

0 ; 0 

0 0 

1 1 ad 
— 5, Cos Zur, ..., + COB Naz | 

2? 

1 1 

; 

3 ni 

2 


Expanding this with respect to the middle row, we have 


fe — 


r 
r 


We therefore derive the formula 


4 A, — cos y | 
r=1 J 
| ‘sin ar. — sin 


A, cos + B, sin 
L 


(142) 


0 
j 
fe — fy= 
a] 
Rh, (143) 
J 
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wherein, when ~ is infinite, 


Put y = 4 /, then cos zv = (— 1)’, and we have for the constant term 


A, = mls) = fedex ; 
je=A,+ A, cos B, sin | (144) 


wherein A,, A,, &, have the values assigned above, and (144) is the standard 
form of Fourier’s Theorem. 


EXPONENTIAL Forms. 


39. We frequently meet such expressions as “ If 7” be a function devel- 
opable in powers of ¢*;” for example, the ordinary deduction of Abel’s series 
is dependent upon this assumption ; i. e., 


fe — A, +- ay’ +- A,e* T 


See Carr’s Synopsis, p. 282. Again, in the same work, p. 394, we read, 
“Given that a) can be expanded in powers of then” Abel’s for- 
mula for the definite integral of a complex function follows, based upon the 
assumption 


Our method shows clearly that these two expansions are impossible when 
we attempt them, by substitution in the complete composite, because when we 
attempt the expansion of fr according to the functions e*’* it is at once seen 
that these functions yield the body-determinant 


for which, the value of the ratio (7, P) has been shown, $ 32, to become infinite 
with ». We return to this form in § 42. 

In Todhunter’s Functions, p. 128, j in an example determining the temper- 
ature of a homogeneous sphere placed in a medium of constant temperature, 
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we read, “ We will also assume that as wu is a function of ¢, it may be expanded 
in a series proceeding according to ascending powers of e; this assumption 
may in some degree be justified by Burmann’s Theorem. We assume, then, 
that « can be expressed in a series of the form 


+ Ag" 4+...4+ 


This expression, it is easy to see, is a possible one when the arbitraries have 
the values given by a, = 7; for then the functions e~"” yield, in the composite, 
a body-determinant 


4412 92 2) 


We may, therefore, express the coefficients A, in a converging infinite series 
in terms of Fourier’s numbers and derivative forms of u. 

40. Consider the expansion of fr in terms of the functions e~"*", in which 
«a is an arbitrary constant, and 7 takes successively the values 1, 2, 3,.... 
Making the substitutions in the composite and putting all of the arbitraries 
equal to z after differentiation, factoring all common factors and negative signs 
out of the body-determinant, we obtain 


I 2204 1 n2az—y) 1 2—y) 
a 
1 0. (145) 
Expanding this, we obtain the formula 


wherein, for n = 


A, ="¥ Bp 
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a true series when the exponents of ¢ are negative. 
If z= = /, we obtain 


fe A, 4 x) R (147) 
r=1 
wherein the values of the constants are obvious. 
In (147) put* a -= +, where 7 is the operator | 1; and also put 
cos — 4. isin — x) ; 
whence 
=(A + 7B) + 2 — isin PAL — 4+ 7B) 4+ 

| 


in which, when 


By equating real and imaginary parts, if 7 be a real function, then follow 
the series 


fe =A, | A, cos — 2) + + RB, (148) 
r 1 


B42 [B, cos — x) — A, sin rbd — x)] 
Simpler forms follow when 2zr// or = 2zr/m and / — 0 

40. The function ¢ "is a very important one in mathematical physics, it 
becomes unity when « vanishes, and vanishes itself an infinite number of 
times when 7 = + o@. 

The tunction 


* This substitution, introducing unreal quantities, is here permissible only as a matter of form. 
As yet we have not demonstrated the composite relation wherein complex quantities are involved. 
This demonstration will be given in another place for analytical functions of a complex variable ; 
it differs but slightly from that for functions of a real variable. 
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is equal to the product of ¢~*’ into a rational integral function of x of the xth 
degree, which we have indicated by //,. These functions have been studied 
by M. Hermite, and according to custom we call them Hermite’s functions 
(Laurent, Traité d’Analyse, T. V. p. 213). 

Consider the expansion of fz in terms of the functions e“*”’, a being an 
arbitrary positive constant, and 7 taking successively the values 1, 2, 3,... . 


Put 


—ar2z? 


log y = — ara’, and Qarray 


dx 


Differentiating » + 1 times, we obtain 


d d"y 
+ 2ar’(n + 1) 
Dividing through by e-“"*’, we obtain the following relation between three 
consecutive functions of Hermite : 


+ H,,, + + 1) H, = 0; 


and if z= 0, we have 


= — 2ar*(n 1)°77, . 


Since °//, = 0, we have "//,,_, = 0, and since '//, = — 2var* it is easy to see 
that 


n+l yn, (2n)! 
= (—1)""' a" 


Since on factoring the common factors out of the body-determinant we 
divide 7* out of the 7th column, we may regard the expansion of fr as effected 
according to the functions 7~* 

Making the proper substitutions in the composite, and clearing the body- 
determinant of all factors, and putting the arbitraries equal to zero after dif- 
ferentiation, remembering that the composite in this case can contain no odd 
derivative forms, we have 


134. ECHOLS. ON CERTAIN DETERMINANT FORMS AND THEIR APPLICATIONS. 
—l!,, 
0 0 ’ 1 1 1 1 
19! =0. (149) 
(— ly ! 2n 2n-2 2n—2 2n—2 
Wu) ,0, 0, 0 
Whence follows 
fe—fy= (ee? +R (150) 
r=1 
il 
If 7 0, then 
fe=A,+ + R, (151) 
7 1" in which the value of A,, for » — @, is obvious. 
i If y— w, then 
"Kp 
== 
whence 
: ‘mt pt 
and if = 0, 
. 0 + 
; i provided fv be a function developable as above. 
i | 
if 
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In (150) put = and 
— eos — sin . 
Then 


n 
fe as 4, + ib, + 2 (cos — 7 sin (A iB.) +h, 
=1 


wherein, when 2 = @, 


hes (—1)p (2P)" , 


Po bY? — 1) ! (4p 2)! (0) ’ 


(—1)"(— 1) (2p)!, 


(— 1)" (— (2p — 1)!,. 


Equating real and unreal parts, we have, if fx is real, 


A, + (A,. cos + B, sin br?2*) + (152) 
1 


0 = B+ (B, cos — A, sin + 
1 


41. Consider the function 2a", we have 


(z’a*) = [a?c" + + n(n — 1)e" Ja", 
wherein ¢ = log a and a = 


If « = 0, then 


Let ¢ = — ar’ = log a, so that a =e". Consider the expansion of fr 


in terms of the functions 


ae 


which for brevity in printing the determinant we symbolize by ¢,(7). 

Noticing that these functions do not contain the first power of z, it fol- 
lows that the composite will not contain the first derivative row. Making the 
substitutions and factoring the body-determinant to its simplest form, after 
putting the arbitraries equal to zero after differentiation and observing the 
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formula 

= (— ip n(n — 1) 
we have 


ty 1, ¢/(1), ¢ (2), ¢(n), + 1) 
| , 0, 1 1 


| 1 1 ” 2 


n(n — 1) 


Expanding this we get the formula 
fe — fy = A, — yew) + (154) 
wherein, when n — 2, 
4,342 


p( p — 1) 


i If we put 7 — 0 and a = @ in (154), we have, after equating real parts, if 
is a real function, 


fe = f0 + (A’, cos br’ + B, sin br'z) + R, 155 
(155) 
| 42. Before leaving these examples of exponential forms, let us return to 
P P 
it fom 
a when the exponent of ¢ is a real quantity. We have seen how any expansion 


in powers of ¢ leads to an expansion of a complex harmonic function, but none 
: of these complex harmonics got from exponential series have led to Fourier’s 
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' form, and only the expansion above can lead to that well established theorem. 
The expansion must therefore be possible, and in casting about for an expla- 
nation of the seeming difficulty I have sought satisfaction in the following 
course of reasoning.* 

Consider the expansion of fx according to the functions e~"’, in which « 
and z are positive and 7 successively the integers 1, 2, 3,... . 

If this expansion be possible, then we must have 


x 
0 


wherein the coefficients A, are independent of x This being so, we have, 
after n differentiations, 


A, (— 1)" 7"a"e . 
1 


Therefore, since the second member vanishes when x is infinite, we must 
have f"0 —0. Hence we observe that any one of the derivative rows in the 
composite may be made to vanish, and therefore the determinant, by putting 
2 = @ after differentiation. Hence, by exactly the same method of reasoning 
as that employed in establishing the theorem of § 4, it follows that we may 
omit, in this case, from the composite any derivative row, provided we include 
infinity among the arbitraries, between the greatest and least of which lies wv. 
We may, therefore, omit all of the odd derivative rows or all of the even de- 
rivative rows. But at no time can two consecutive rows be omitted. 

Making the substitutions in the composite, containing only even derivative 
rows, and putting the arbitraries after differentiation equal to /, after factoring 
to simplest form, we have 


1 1 
al—x) ail (n+1) all—») 
fe ka @ pe" 
1 1 1 

(2) ’ 0 1 1 l 1 

1 =0. (156) 
| a‘ 0 1 n (n + 1) 


Ou) ,0, 0,0 #«4...,0 #4, 1 
* Which is far from being satisfactory. June, 1893. 
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So that 
2 + &, (157) 


| 


wherein, for n =», 


In like manner we deduce from the composite in which we retain the odd 
derivative rows, 


fi B 1 (158) 


0 
r=! 


in which, for om, 


B= § peg, 


3 2 1y "Kp 


If in (157) and (158) we put = i, 2z7//, also 


2) — eos — x) -+- isin — 2), 
we have by equating reals in (157) , 


(159) 


2 


wherein 


p 


gl 
, 1 , 
fede, Ay, =2 
il 


which is the same as (134). 
Equating imaginaries in (158), we have 


jfe= ft sin r , 
wherein 


which is the same form as (138), 
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Hypersouic Funcrions. 


43. If it be possible to expand a function in terms of the hyperbolic sines 
and cosines, we may obtain the form of that expansion in a manner almost 
identical with that employed for the circular functions. 

Thus, consider the form of the expansion in terms of the functions 


cosh rar . 
Putting « = z after differentiation, and observing that the odd rows are 
to be left out, because cosh is an even function, we deduce from the composite 


A, 


(cosh raz — cosh ray) + R, (160) 
r 


Se — fy = 
wherein, if =a, 
| 
A,. —Y ( ) ) "Rp J 


Put y = z= 0; then, ifa=1/2, 


fe = A',+ A’, cosh R, (161) 
r=1 
wherein, if infinite values of » be permissible, 


|| les 


ia 2p 
(p+ 
Again, in (160) put @ = iz// and z - y = /, then cosh riz = (— 1)’ and 
a? — (— 1)? (z/l)” ; 
Je= A,’ + + A,” cosh 2+f, (162) 


| 


and 


Ay = / J fede , = 32 | Fed). 
In exactly the same manner we deduce the formula 


fe —fy= iy (sinh raz — sinh ray) + 2, (163) 


paz 


wherein, if n= 


£22. 


rae 
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From which we deduce a formula similar to (161) by putting y = z = 0 
anda —1/l. 
Thus 


fe =f (0) + 2 By sinh") (164) 


If fx is a function which vanishes with «, then 7(0) = 0. By addition of 
(161) and (164), we have 


r=1 J 


a formula analagous to Fourier’s theorem, in which the values of the constant 
coefticients. when 7 — o, are at once obvious from the above. 


FuNcTIons. 
44. Consider the expansion of fx in terms of the functions 


Zo MQm+ OY [2] 
in which m is any positive integer including zero. This function is an even 
function containing no power of « lower than 2m. The composite will, by 
$ 4, contain no odd derivative rows, nor will it contain any even derivative row 
of lower order than 2m. 


Substitute in the composite the functions 


| 
| 


0. (167) 


S,,(rar) , 
and put ” = 0 after differentiation. Factoring to simplest shape, we have 


(— 1)r-1 


(n—1)! (2m-+4+n"—1)! (2] 2"+n—1) 
[2m + 2(n —1))! 


a 


(n+ 1)2n-2 
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Expanding this we obtain 


ty Ae — ray) (168) 


wherein, if nm =o, 


(2m + 2p — 1)! J ( ) 


If y = 0 and fx a function vanishing with x, then for 7 ~ 0 we have 


(—1yt! | 
fom A, A,,(rax) RB. (169) 


In exactly the same manner we deduce the expansion in terms of any odd 
function -/,,,_,(7az), there being no difference in the result, save that we must 
change the even derivatives to odd ones. 

So that we have 


Se — fy= A,.|J,(rax) — J,(ray)), (170) 
wherein, if n =o, 


(m 2p — 1)! J ) 
If m > 0 there will be no absolute term, since -/,(ray) is the only function 
which has a constant term when we put y = 0. 


In (170) put m = 0 and a = 2, also y = 0; then, since /,(ray) = — 1, we 
have : 
fe= B+ (Qre) + R, (171), 
r=1 


wherein, for = @, 


B= FO) +22 FO), 


This last result (171) is the remarkable theorem due to Schlémilch (Tod- 
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hunter's Functions, p. 336). The value of the coefficient as determined by 
Schlémilch, however, is 


1 


1 
FO) J va— =) cos 2rudu , 


0 


for every value of «~ except zero, when we must add 27'(0). 
Other interesting forms may be obtained from (170) through suppositions 
regarding the arbitrary constants. 


University or Virarnta, Jan. 25, 1892. 
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FORSYTH’S THEORY OF FUNCTIONS OF A COMPLEX VARIABLE.* 
By Pror. W. H. Ecuous, Charlottesville, Va. 


There is just out of the Cambridge University Press a book which will 
mark an epoch in mathematics for English and American students. It puts 
the English speaking mathematical student in possession, for the first time in 
his own tongue, of those splendid developments in analysis which have been 
created in the last few years, and which are being created to-day. Heretofore, 
he has had to go to the journals, special memoirs, treatises in French and 
in German, or to Germany itself, to get an insight of what has been, and is 
being done, in this far reaching living field of research. 

This splendid book will be most heartily and gratefully welcomed by the 
American student, who can now read in the pure, strong, and simple English 
of Forsyth these beautiful theorems, whose discovery has made immortal the — 
genius of the master mathematicians of our century. A marked feature of the 
work is the complete reference in the body of the text, as well as in the foot- 
notes, to authors and their works ; and one cannot fail to be impressed by the 
marked absence from among them of English names. 

The Cambridge, or any other, Press has turned out no more beautifully 
made book than this royal octavo volume of six hundred and eighty pages. It 
is a model of the art of mathematical printing, and seems to be as free from 
printer’s error as only the careful English printer can be. 

A glance at the short preface outlines clearly the scope of the work. It 
is a marshalling of the main results of the three distinct methods of investiga- 
tion of Cauchy, Weierstrass, and Riemann. The general method which is 
adapted is an attempt to give a consecutive account of what may be fairly 
deemed the principal branches of the whole subject, and is not limited so that 
it may conform to any single one of the three principal independent methods ; 
ideas and processes derived from different processes have been combined where 
it has been convenient. In this respect this book is unique ; for while there is 
no dearth of treatises in French and in German on this subject, they, for the 
most part, expound the processes based on some single method, or they deal 
with the discussion of some particular branch of the theory. 

There are five natural divisions of the book. 

The first part, consisting of Chapters I-VII, contains the theory of uni- 
form (single-valued) functions ; the discussion is based upon power series, in- 
itially connected with Cauchy’s theorems in integration. 


*Turory or FUNCTIONS oF A CoMPLEX VARIABLE. By ALR. Forsyth. Macmillan & Co., New 
York. $8.50. 
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The second part, consisting of Chapters VIII-XIII, contains the theory 
of multiform functions and of uniform periodic functions which are derived 
through the inversion of integrals of algebraic functions. 

The third part, consisting of Chapters XIV-X VIII, contains the develop- 
ment of the theory of functions according to the method initiated by Riemann 
in his memoirs. 

The fourth part, consisting of Chapters XIX and XX, treats of conformal 
representation. 

The fifth part, consisting of Chapters XXI and XXII, contains an intro- 
duction to the theory of Fuchsian or automorphic functions, based on the re- 
searches of Poincaré and Klein. 

The author closes his preface by remarking, “My aim has been to pro- 
duce a book that will assist mathematicians in acquiring a knowledge of the 
theory of functions: in proportion as it may prove of real service to them, will 
be my reward.” His reward is assured. The American student is already 
deeply in debt to Forsyth, and we can but extend to him our grateful thanks 
in profound recognition of this new obligation he has placed upon us. 

Macmillan & Co. announce a new treatise on the Theory of Functions by 
Professors Harkness and Morley which we await impatiently, and hope sin- 
cerely will prove a valuable addition to our subject matter. 

It remains now for some one to put into English words Dini’s Theory of 
Functions of a Real Variable, for us to possess a continuous exposition of 
Function Theory from Chrystal’s Algebra through Forsyth’s masterly work, 
which will enable the American mathematician to read up to the modern de- 
velopments of this rapidly growing subject in his own language. 
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A STUDY OF CERTAIN SPECIAL CASES OF THE HYPERGEOMET- 
RIC DIFFERENTIAL EQUATION. 


By Mr. James HarrinGtron Boyp, Chicago, Il. 
PREFACE. 


The following paper presents the results of a study of certain cases of the 
hypergeometric differential equation made at Gittingen, under the direction of 
Professor Klein. The cases are those in which the hypergeometric differential 
equation has a single algebraic solution (Schwarz, Crelle, 75, $ 1). 

The method is the geometric one used by Klein in his lectures on linear 
differential equations, and in his paper “Ueber die Nullstellen der hypergeo- 
metrischen Rethe,’ Math. Annalen, Bd. 37,5. 580. The solutions are regarded 
as functions defined, after the manner of Riemann, by the requirement that 
the conformal representations* which they determine be certain generalized tri- 
angles. These triangles are made the starting point of the discussion, and are 
classified geometrically, and the classification of the integrals of the equation 
is deduced from that of the triangles. 

Owing to the fact that no exposition of Prof. Klein’s theory of the linear 
differential equation of the second order has yet been published, it has been 
deemed best to prefix to the paper a pretty full presentation of his peculiar 
methods and notation, drawn from his lectures on differential equations, Win - 
ter semester, 1890-1891. 

The discussion of Case «), Arts. 24 foll. (excepting for integral values of 
4, p, v) and Figs. 1-13, 18, 28, 36-46 are due to Klein (lectures on differential 
equations). 

On the other hand, the discussion of Cases ;4) and 7), and Figs. 14-17, 
19-27, 29-35, 47-53 are due to the author. 

N. B.—The shaded parts of the figures in the 7-plane are the conformal 
representations of the positive half of the 2-plane ; the blank portions, of the 


negative half. 
INTRODUCTION. 


$1. The Hypergeometric Function. 
Tf we subject the Abelian integral 


f (za)* (2h)8 (2d (2dz) (1) 


t 


*See below, $4, Art. 
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(in which 


a 
p=, 
2 a, 
z, dz 
1 1 1 
(za) = or (zdz) = : 
z, dz, 


a, b, e, d, 4, 3,7, 0 are complex numbers ; and z = a, b, c, d are branch points* 
of the integral ¢,,)+ to the system of linear substitutions 


+ P22; 2’, = | 


we shall obtain 
k 
i 


The notation leading up to (3) will be retained throughout this paper. 
If we specialize the substitutions in (2), so that the points a’, 4’, c’ become 
respectively 0, , 1, we shall obtain 


K (2, — (2%) (edz) (4) 


* Forsyth’s Theory of Functions, p. 15. 
+ When either 7, &, or both, are points of discontinuity of the integral, ¢j, is to be regarded 
as defined by the equation 


abab 
¢(2)dz 
Sik = (1 — emia) (1 — 


where 
abab 


J z)dz 


is the result of integrating ¢ on a closed path which encircles each of the points a, b twice, but the 
second time in the opposite sense from the first time. Jordan, Cours d’Analyse, Vol. III, p. 241. 

t By permuting a’, >’, c’ we may transform a’, 1’, ¢’ into 0, «2, 1 in six different ways; hence 
will arise the six different classes of hypergeometric series (see Forsyth’s Differential Equations 
119). 
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or, written non-homogeneously, 
k 
f z*(2 — (2 — (5) 
where 
(be) (ad) 
(ac) (6d)’ 
and A’ is a constant different from zero. 
As is well known, we may write one of tue integrals in (5) 
‘J 


where A’’ is a constant, B is the Eulerian integral of the second species, and 
Gaussian hypergeometric series. 
We define a hypergeometric function by the equation 


H(i) = Ci — i). (7) 


where C’ is a constant distinct from zero, and 
k 
fz (2 — (2 — 4) 


or in accordance with (6), 
Fi(l,m,n, 2), 


or a hypergeometric series whose argument, instead of /, is either 


1 


The elements /, m, n are constants involving 4, ,3, 7. 


$2. The Hypergeometric Differential Equation. 


By hypergeometric differential equation we mean the differential equation 
which the function // defined by (7) will satisfy. 
One can readily show that will satisfy the differential equation 


* We obtain (6) by expanding (1 _— =| . (4 > 1), by the binomial theorem, and integrating 


between 0 and 1, and expressing the result in terms of Eulerian integrals. - 
+ These integrals are called hypergeometric integrals. 


= : 
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From (7) HQ) 


— 


whence, substituting in (8) , 


CH Ak+ Badal, CR4 DLE 3 
dz + da (9 


where A, B, C, are constants involving m, 4, 3, and C’. 
$3. The Riemann P-Function. 


The relation of the éemann P-function to the hypergeometric function, 
and hence to the hypergeometric differential equation.* 
1. Riemann represented by the symbol 


( a ) 

J 


a binary shear? of functions having the following characteristics :— 
1° Two functions of the shear have about the point a developments of 
the form 
=(« —a).p,(2@—a), Pi” = (x — a)’. p,(z—a), 


respectively, and every other function of the shear, a development of the form 
Joa" 


where the p’s are series in ascending powers of x —- a, whose constant terms 
do not vanish, and the ¢,’s are constants. The functions of the shear are sim- 
ilarly related in the neighborhood of the point 4 to the indices ’, 7”, and in 
the neighborhood of the point ¢ to the indices »’, »”. The a, 4,°¢ are in gen- 
eral complex numbers, and represent branch points of the functions, while 2 is 
any point in the plane within the regions of convergence about a, 4, c. 

integral. 

3° All functions of the shear have about every other point x, develop- 
inents in integral powers of « — a. 

It can be shown that these characteristics constitute a complete definition 
of the binary shear of functions. 


* Riemann’s collected works, IV. 
+ Compare the German Schaar. 
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2. As in § 1, we can by linear substitutions transform a, 4, ¢ (7 remaining 
fixed) into the points 0, 2 , 1, respectively, so that 


ge | ‘ 
where 
(be), 
(It) (ae) 


P is, therefore, a function of the cross-ratio, only, of «, 4, ¢, d. 
3. From the definition of / it at once follows that 


1 ( 0 D 1 | 


where / + m-+n=0O. 
4. We define a function //;, by the equation 


Ny = Mey = M (2b) (2d2) , (13) 


where 


1 1 1 1 
M = (ab)~3°***” (acy (ad) (be) 


and p -+q+7r= #4. 
By the substitutions which transformed (3) into (4) 


k 


Hy, = # 1)" 9 +1) fate? (zdz) . (14) 


i 


We select a branch //,,, of //,, and study its behavior when the two points 
a and d are brought into coincidence. We notice that M contains the factor 


(ady’ “g48+ agg approaches d the value of the integral in (13) will ap- 
proach zero as C(ad )2+3+!, where C’ is a constant ; therefore //,,, will approach 


1 
841 
zero as K (ad where A’ is a constant different from zero. Also, 


* By permuting a, b, cin all possible ways we can transform a, be into 0, , 1 in six different 
ways ; accordingly instead of in (11) we may put /, ,1—A, i , or 4 


1 1 
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1 
— 
as — @ the value of the integral //,. approaches zero as A (ad)? 


A’ being a constant different from zero. That is to say, in the region about 
the zero point (i. e. the point @ — d@) we can develop these two //’s in the form 


1 
p+, (a+6 +1) ; 
Waa =f 2 ’ 


1 
= 


since Oasa —d. 
Thus, the exponents which characterize // for 4 = 0 are determined, and 
we find that //,, and //,. coincide with the branches 7?” and P?” of the 
v0 


?-function for 4 = 0, when we put 


k= { @ + 1), i a4 1). 


In like manner putting 


(84 6+ 1); 


we can show that 


Thus, // detines a binary shear of functions having the characteristic 
properties of the shear /? with the indices just given,—for the functions de- 


fined by // behave regularly except in the points 0, 2 , 1,— and we conclude :—* 
‘ 
4 Z 74 
22. (2, — | | (2dz) 


| p (4 1) q ? yi tet 1) 
1 
0 0 
by (12) 


*See §$ 3, Art. 1, of this introduction. 
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Hence the integral in (4) or that in (3) furnishes a branch of a Riemann 
P-function, two of whose exponents are zero. . 
If in (6) we place 


~=a+l, n=a+y+2, < 


and remember that #(a + 1, 7 + 1) is a numerical factor, we will have 


oO 1 7} 
n—l—m il, (16) 
| 0 m 0 


where (Cis a constant different from zero. 

Thus, in (15) and (16), we see how the Riemann /”-function is related to 
the hypergeometric integral and function, and hence to the hypergeometric 
differential equation. 
$4. The Function 7. 


5. Let the values of a complex variable z be pictured in the usual manner 
by the points of a plane—the “ z-plane "—and the corresponding values of a 
function w of this variable by the points of a second plane—the “ w-plane.” 
The points of the w-plane may be called the representations of their corre- 


sponding points in the 2-plane. 


When the z-point is made to trace out any path in its plane, the corre- 
sponding w-point will trace out a path in its plane which we will call the 
representation of the path traced by the 2-point. 

If the w be an analytical function of z, the angle made by two curves in 
the z-plane will in general equal that made by their representations in the 
w-plane.* The representations may therefore be said to be conformal. 

Any given simply connected region of the ~-plane can be represented 
upon the positive or negative half of the 2-plane, so that any three given 
points of the contour of this region will have corresponding to them any three 
points, arranged in the same sense, in the boundary of the half z-plane ; i. e. 
in the real axis of the 2-plane (Riemann) . 

6. If we take as our region in the w-plane a triangle bounded by the ares 
of circles (such a triangle we shall hereafter cali a circular triangle) with the 
angles jz, yz, »z whose vertices 1, .V, NV correspond respectively to the points 
a, b,c in the real axis of the z-plane, the representation is conformal every- 
where except at the points a, 4, ¢; i. e. the angles 4x, yz, vz are represented in 
the z-plane by angles of the magnitude z, whereas all other angles in the 
w-region remain unchanged (Fig. 1) . 


. Forsyth’s Theory of Functions, p. 11. 
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By means of this representation to every point of the positive half of the 
z-plane there will correspond a definite point w within the circular triangle. 

This representation we take as the definition of a function 7 expressed 
more fully by the symbol 7 

[4 fev |} 

7.* It is a well known fact in the elementary theory of a complex variable, 
that, if we have before us two planes 7 and 2, in which are two circular tri- 
angles, IZN and /n respectively, whose angles arranged in a definite sense 
are Az, px, vz, the two triangles will be connected analytically by a linear 


relation 
O2 + 
ye +0’ 


in which a, 3, 7, @ are constants which may be complex, and 


+ yy, 


Either triangle may be bounded by straight lines. 
If the two planes are connected by the linear relation 


where 
and 
then the triangle Z’M’N’ which corresponds to the triangle /mn of the z-plane 
will be a reflection (spiegelung) of LALN of the previous case. If the angles 
of LWN had the arrangement /z, uz, vz those of Z’M’N’ will have the ar- 
rangement Az, yz (see Fig. 2). 
Therefore the symbol 


“tA fev” | 


represents not a unique, perfectly determined function but an entire shear of 
functions which arise out of a single one 7, by substitutions of the form 


__ %o 4 3 5) — + 3 
+ 0? = + 0° 
8. From the definition of 7 it at once follows that we may develop it in 
the region surrounding an arbitrary point z = 2, of the positive half of the 
2-plane in the form 


— % = (2 — %). p (2 — %); 


ad Forsyth’s Theory of Functions, p. 549. 
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where p is a series arranged in ascending positive integral powers of z — 2, 
whose first term does not vanish ; except for the points 2 = a, 4, c, where the 
developments have the form* 


—L=(z—a).p(z—a), 
p(e—d), (17) 


Should z, or 7, be infinite one must put in these formule instead of 2 — 2,, 


It is evident that z = «a, 4, ¢ are branch 


7 — 7, respectively, the values 


points of 7. 

9. Since a, 4, ¢ are branch points, the value of the 7-function correspond- 
ing to any point in the negative half of the z-plane will be different according 
to the path taken by 2 in traveling from an internal point in the positive half 
of the z-plane to this point. 

Let 2 = 2, 2, be two points in the positive and negative half of the 2-plane, 
respectively, and 7%, and 7, the corresponding values of the 7-function. — If 
7, be a point within the triangle JV, then, as 2 travels from 2, to 2,, say over 
the segment ab, 7 will travel from 7, across LV to a point 7, without the tri- 
angle LMA; similarly, if z in traveling from 2, to z, should cross the segments 
be, ca, respectively, then 7 would travel from 7, across the sides ZV, V/, 
respectively. 

What representations then of the negative half of the z-plane do we ob- 
tain if we begin with the representation of the positive half of the 2-plane and 
allow z to cross over bc, or ca, or a into the negative half of the 2z-plane ? 
What new representations of the positive half of the 2-plane will arise if 2 
passes back by various paths into the positive half of the z-plane? An answer 
to these questions is to be found by aid of the principle of symmetry due 
to Schwarz. We construct about our original triangle (always shaded) three 
symmetrical triangles which we shall designate by 1, 2, /' (Fig. 3). 

The triangles 4, B, /'are exactly those representations which 7 produces 
when 2 crosses (from the positive side of the real axis) over be, ca, wh, respec- 
tively, into the negative half of the z-plane, for the sides of the 7-triangle 
LM, MN, NL along which the new triangles arrange themselves correspond 
respectively to the segments ad, he, ca. 

We construct also the triangles symmetrical to 4, B, /, which we shade as 
seen in Fig. 4, and which are representations of the positive half of the 2-plane. 


*H. Durege’s Elemente der Theorie der Functionen, chap. vi. 
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Thus, in accordance with the principle of symmetry, we construct in the 
7-plane an unlimited number of triangles shaded alternately. 

Every shaded triangle is a representation of the positive side of the 
z-plane. The blank triangles are representations of the negative half of the 
z-plane. 

The function 7 (2), 1. e. the aggregate of all the branches of 7 (2) which are 
evolved by analytical development from the original. branch, thus becomes a 
multiform function of z, indeed, in the general case, a function of an infinite 
number of values. 

We designate the primitive triangle by 1, and its three reflections by |, 
B, 1. We shall designate, in general, each triangle according to the manner 
in which it is evolved, by reflections, from 1. Hence, the triangles in Fig. 4 
should be marked as in Fig. 5. Every shaded triangle receives a designation 
which contains an even number of symbols; every triangle not shaded re- 
ceives a designation which contains an odd number of symbols. All shaded 
triangles are therefore connected with the primitive triangle by direct con- 
formal representation, and all blank triangles by indirect conformal repre- 
sentation ; i. e. by substitutions which have, respectively, the forms 


Whence the multiform function 7(z) has the properties, that all the distinct 
branches 7,(2) which belong to the representation of the positive half of the 
z-plane are associated with 7, (2) by linear substitutions of the form 


+ (18) 


4 (2) = - 
(2) 


while the distinct branches of 7.(2) which belong to the negative half of the 
z-plane are furnished by subjecting the primitive branch 7,(2) to substitutions 
of the form* 
Gy a 
19 
The coefficients a, ,4, 7, 0 are determined by the fact that the original figure is 
given. 
All substitutions, (18) and (19), arise out of combinations of those three 
substitutions which produce the reflections 1, B, 1) so that these substitutions 
form a group. 


* The symbols % and % correspond to the variable 2. 
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If, in Fig. 5, 7 travels from any point in triangle 1 to the corresponding 
point in any other triangle (shaded) /4, we must have each time, in the 
z-plane, a path encircling correspondingly the branch points a, }, ¢ (in this 
case encircling «), and ending finally in the point of departure ;* and con- 
versely. If, therefore, we let A, /, C represent, respectively, the linear sub- 
stitutions which produce the reflections 1, B, /, we may say that to a positive 
encircling of a, or /, or ¢ there will correspond in the 7-plane a substitution 
A, B, C, and consequently, if we combine these three substitutions in the 
order in which 2 encircles a, 4, and c, the function 7 will return to its original 
value (or CBA = 1). 

That is, if 2 encircles «, then 4, and finally c, the branch 7,, with which 
we begin will pass successively into A(z), BA(y,), CBA(y,) = (see Fig. 6). 

10. The branches of the 7-function obtained by analytical development 


from %, are all included in the system represented by , When «, 3, 7, 0 
+ 


are arbitrary, but by no means exhaust this system. It is this last which con- 
stitutes the genera] 7-function. 

Riemann shows that the substitutions A, 2, ( are determined essentially 
by the values of 4, 4, »; that is, are so far determined as is possible if the 
choice of the particular branch 7, is left arbitrary. 

(a be 
A 
which may be derived from a given primitive branch 7, by the linear sulbsti- 


11. Since 7 :| represents a shear of branch-functions all of 
J 


tution 

“Ho (3 

we may construct the differential equation which all branches of 7 will satisfy 
by forming the three differential coefficients 7’, 7”, 7’, and then eliminating be- 
tween them and 7 the three ratios 4: ,3:7:¢. Such a process leads to the 
differential expressiont 


=[y (20) 


which depends only on a, 4, ¢, 4, », », and 2. 
12. Since all the branches of 7(2) arise out of a single primitive branch 
7, through linear substitutions of the form 
+ 
% + 
* In Fig. 6, see loop running from P about a. 
+See Forsyth’s Differential Equatious, end of § 61. 
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and {7 |, does not change if we substitute for 7 any linear function of 7, [7 |, must 
be a single-valued function of z. Further, our initial 7, has been determined 
1° by the selection we have made of the three points a, 4, c, 2° by the three 
angles of the 7-triangle Jz, yz, yz, and 3° by the particular position which we 
have assigned to the triangle in its plane. If we had chosen this position in 
a, +f, 
some other manner, there might have appeared instead of 7, any —“ ; 4 
(where 4, 3,7, 0 are arbitrary). But this choice of position does not affect 
|7|..° Hence, the value of {4|, does not depend upon the position of the 
prinitive 7-triangle, but only upon 2, a, 4, ¢, 4,4, ¥, and moreover has simply 
a one-valued dependence upon these quantities. Accordingly, we write 
a one-valued function of (a, b, ¢, 4, 4, 2). (21) 


13. We seek next the character ef the function {7|,.. To accomplish this 
we study its behavior in the region about all possible positions of z, in the 
z-plane. To avoid diffuseness we suppose a, 6, ¢ finite. Then we have three 
kinds of points to distinguish, 

2, finite and distinct from «, 4, ¢ ; | 


z, coincident with «@, or 4, or ¢ ; (22) 
2, infinite. J 
Since [7 |. remains unaltered if we put instead of 7 any 4, it will be 


no essential restriction if we assume in the following caleulation that 7, corre- 
sponding to 2, is finite. Hence we shall have respectively, in the three cases 


(22), for the region about z = 2,, the following developments : 
4—% —a(2—%) + 
= (2—4,). [a+ —%) +...], or, ete. (24) 
— % = ae ' + J 


where a is supposed to be Z 0. Substituting, successively, the values in (24) 
in [7 |., we obtain the following values of this “ parameter” in the regions about 


orc), 2 = @, respectively : 
terms in ascending powers of z — 2,, 
+ C + terms in ascending integral powers 
of z—a, 
fel, 6(ay terms in ascending integral powers of 2. 


* Forsyth’s Differential Equations, § 62, Ex. 2. 
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It is a fundamental theorem* of the function theory, that a one-valued 
function of z which for the entire z-plane possesses the character of an inte- 
gral function, and has only a finite number of points for which the function 
becomes infinite, and then to a finite degree, is a rational function of 2; and, 
in fact, it is a simple matter to construct a rational function of 2 which for 
z = a,b,c becomes infinite, and for z = » vanishes to the fourth degree, as 
we know [7]. does, from the equations immediately preceding. This function, 
which is fully determined by these requirements, is 


1 = 
+ | (25) 
z—e 
and the differential equation sought is 


Rez). 


Thus, we see that, from the definition of 7 by means of conformal representa- 
tion, we have ascended to the differential equation of the third order of which 
7, is the solution. 
We notice further that, if the points a, 4, ¢ should lie respectively at 
0, 2, 1, the discussion on p. 156 would lead to the particular case of (25) 
14. We next consider the question, whether 7 can be so separated that, 
when z makes a closed circuit in its plane, and 4 = y,/y, experiences the sub- 
stitution 


74+ 0? 
y, and y, may experience integral /inary linear substitutions of the form 
y= 4y, + + 


There are two ways of looking for an answer to this question ; viz. by re- 
garding y, and y, as functions of 2, or as binary quanties in 2,, 2, (2 = 2,/2,). 
The second, of course, coincides with the first when we suppose the degree of 
each quantic zero. 


* Forsyth’s Theory of Functions, p 71. 
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One such separation as we are seeking is given by the equations 


1 

1% i 4% 
Vor, the derivative of being 
(7% + 

ay + 

y+ 


, it is obvious that when 7 is 


transformed into y, and y, as just defined are transformed into 


ang respectively, and therefore experience a binary 
V ao — ao — py 


transformation. The determinant of this transformation is especially simple, 
being equal to unity. 

These values of y, and y, are, however, not the only ones which satisfy 
the given conditions. More generally, we may write 


(2 — a) (2 — (2 — cy. F(z), 
(27) 
Y,=— — (2 — (2 — F(2); 
J 


where , 4, > may represent any numbers whatever, and /’(z) a uniform func- 
tion of 2, or more briefly 


_ y.— 
Y, and Y, will experience, as well as y, and y,, a binary linear substitution 
when 2 encircles a, or 4, or ¢. 

If, now, we put y = ¢, ¥, + CY, then construct the first and second differ- 
ential coefficients of y and between them and y eliminate c, and ¢,, we will 
obtain the differential equation of the second order which y satisfies. It is 


y +4 (28) 


where [7], — (2) is the equation of which 7 is the solution. 
Moreover since 
— 7: 
gfe) 
the differential equation which Y, and Y, satisfy is the linear equation of the 
second order, 
¥" + p¥'+¢¥=0, (29) 
* Compare Forsyth’s Differential Equations, § 61. 
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where 

Thus, starting with 7 defined by the representations which it produces, we 
have been led to the gemmnal linear differential equation of the second order,— 
the inverse of the ordinary method of procedure. Our point of view is that 
of Riemann. 

15. We show first now that the functions 7, and y, are not the simplest of 
those a the given conditions as might be supposed. For, as we shall 
show, 2 = #, in addition to z = a, d, c, is a singular point for y, and y,. To 


prove this, we put instead of 2, 2,/z,, and at the same time suppose 7 to be 
split into two forms of the th degree in z,, 2, ; i. e. 


1= 2,) 
‘  H{2,, 
where » is arbitrary. 
If, for the moment, we put 


Z, = H,(2,, 1); Z, = H,(s, 1), 


we have 
4,4) — 4,2," — 4,4," 
or 
H, 
cz, oz, | cz | 
But, according to Euler’s theorem, 
nH, = 2 + 2 , ni, =a, 
hence 
Vn. H, 1, 
22, 22, oz, C8, G2, 02, | 


or, if we represent the functional determinant of //, and //, by (77, //,), 


2, v (4/4, H,)’ = 2, v (44, H,)’ 


which shows that y, and y, have the singular point z = z,/0 = o. 


‘ 
| 
=| 
’ 
. 
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16. We therefore proceed to select such branches Y, and }’,, from (27), 
as have singular points z = a,b,¢ only. To this end we choose an /'(z) which 
has no singular points ; i. e. set it equal to a constant C. We have only to 
find the condition which », ¢, > fulfil in order that z = 0 may not be a singular 
point. We set = a,/a,,b = b,/b,, ¢ =e,/c,; whence from (27) and (31) we 
have 

(2a)? (2b)? (ze) 


We put C = a,fb,2c,7/\'n, thus we have 


//, (za)? (zh)? 
(za)? (2b)? (ze) 
1 /1,) ( ) 
If these expressions are not to be infinite for 2 — o, then z,+¢+"+! must be 
equal to 1. This will happen when o 4 o + 7 = — 1, which is therefore the 


condition sought. 

In this way we are brought at once to the Riemann /-function. For, 
putting Y = ¢, Y, + ¢,¥,, we have a binary shear, or group of branch fune- 
tions, before us which possess all the properties by means of which the Rie- 
mann /-function was defined (see § 3). 

Because it is evident that Y has no singular points excepting z = a, 4, ¢, 
and that as 2 makes circuits about a, 4, ¢ it will pass into such new branch 
functions only as belong to the shear Y = ¢, Y, + ¢, Y, itself. 

From (27) if we return to non-homogeneous variables and set /’(z) = / as 
in (32), we may deduce 
“(2 — ay (2 — b)* (2 — (33) 


If any branch 7 becomes 7, for 2 = «, then 
VY = %—% (z — ap (2 — by (2 — (34) 


a branch function included in (33), which may be developed in the following 


manner :— 
We obtained earlier for 7 — 7, the development 


% — Ya = (2 — a) p(z—a@); 


P 
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accordingly, 7” has the form 
hence our branch function will have the form 
(35) 
But the shear (33) contains also the branch function 


Vy (2 — a)? (2 — (z — ec)". 
Cs 
By a similar calculation this branch has, in the region about z = a, the 


development 
—A+1 
p; (2 —a). 


We proceed in a similar manner for the developments of branches of the shear 
(33) in the regions about 2 == 4, 2 = c, and find in (27) or in (33) functions 
with the exponents 


4(+44+1) 


for the points 
2=4, go 
respectively. 
Thus, in the shear are two functions for each of the singular points «, 4, ¢, 
with determinate exponents belonging to them. Moreover, since 


pa o+r=-—l, 


the sum of these six exponents is equal to + 1; which is the same as the 


condition 


in the definition of the Riemann /-function.* 
The shear (27) or (33) is, therefore, the Riemann /-function 


a 
Pp? + g +4) +m) +) (37) 
1 1. 1 
which is evidently the most general /-function belonging to 7 is ae z | 


*See (10) and what follows. 
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Having set out with our 7-function we have thus been led to the Riemann 
/-function. 
But our method of attack leads us at once to a generalization of this 


function. The condition 


has nothing to do with the definition of 7, viz. 7 = y,/y,. It is simply the 
condition that 2”, 2, are of the degree zero in 2,, 2,, i. e. functions of z. The 
a, 7 in (27) may be taken as arbitrary quantities. then appear as 
quantics of the degree » | ¢@ 4-75 1. 

Out of the generalized we construct the binary shear ¢, 2), + 
which Klein in order to recall the Riemann /?-function represents by the 
symbol //.. We can define this shear of functions by means of its proper- 
ties in a manner exactly similar to that employed by Riemann with his 7’. 
Klein represents by // the scheme, 


b,, Ch, Ce 
1 1 1 
(l—~s) t+ (1 — v) 


which differs from the scheme employed by Riemann only in this that the sum 
of the exponents need no longer be equal to unity. If we make the sum of 
the exponents equal to unity, which is always admissible, then // reduces to 
the Riemann /7-function. 

We wish to consider particularly the special case, called by Klein that of 
the normal // of the second species. 

If 4, 7, » be assumed positive, and we put 


we have 
Ah, 
/1, 
Uh, 


1 1 2 
1 1 1 
(ze pp (39) 


Thus we obtain as our binary shear 


ah 
Mik nv zi, (40) 
0 0 


iP 
He 
of 
| 
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be, 
4 
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which has the degree 4 (4 + » + » —1)in 2, 2,. We can carry through an 
analogous discussion when the signs of one or more of the quantities 4, », » 
are changed, and obtain 4 (+ 4+ » + » — 1) as the degrees of the eiyht cor- 
responding s/ears. : 

This paper has for its object the study of the conformal representations 
produced by the 7-function (as defined in the introduction) when Klein’s nvr- 
mal Il of the second species (see (40) ) contains a single algebraic function, or 
what amounts to the same thing, when the hypergeometric differential equation 
which // satisfies has a single algebraic solution. 

17. In the first section of his memoir (Crelle’s Journal, Bd. 75, § 1) 
Schwarz has shown that, if the differential equation, 

d a3 

of which the Gaussian hypergeometric series /’(a, 3, 7; 2)* is a particular 
solution or integral, has a single algebraic solution, this solution must have the 
form 


= (1 — (42) 
In the case of this equation the singular points are 0,2,1. By the same 
reasoning, if the differential equation of which 
0 0 0 
is the solution—which differs from that considered by Schwarz only in that the 


singular points a, 4, ¢ are left arbitrary—have a single algebraic solution, that 
solution must be of the form 


= (za)®* (2b) (21, 22) , (43) 
when written homogeneously ; in which ¢, is a rational integral function of 
the degree / in z,, 2,, while ¢, &, €” may be 0 or 1. 

There are four cases of the expression in (43) to be considered ;+ viz. 
a) ¢x 22), 
3) Ml, = (2a). (A 22) 5 
= (26). (2c). Gx (Zs 2a) 
0) Il, = (za). (2b). (ze)”. 2) - 


* Forsyth’s Differential Equations, § 113 et seq. 
+ The order in which /, », v are selected is arbitrary. 


(44) 
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Since the degree of // was found from (40) to be $ (A + »+»—1),*#has 
in these four cases the values 


44+ p+v—1), 
(45) 


Whence, since / must be an integral number > 0, the case 0) cannot exist. 
18. In the introduction we have defined a branch of //,, the normal // of 
the second species, by the formula 


I, = 2... . (46) 
Vy 
where 
2 dy 
4 dz (2dz) 


Hence, solving (46) for 7/ and substituting successively for //, the values given 
in 4), 3), 7) of (44), we obtain 


A—1 v—1 zdz2 
“) f (2a) (2 ) (2dz) 


(2 1» 23) 


_ £ (za) (26)-** . 
(41, 2,) J 
i. e., in these cases, the function of 7 has been expressed by means of a simple 
indefinite integral. 

We remark that, aside from the points of discontinuity which ¢,(2,, 2,) = 0 
furnishes, the integral a) is everywhere finite, but the integral ,3) is infinite at 
Since ¢,(2,, 2,) satisfies a linear homogene- 
ous differential equation, its roots are all distinct and are different from a, 4, ec. 
Each of the integrals in (47) has, therefore, for ¢g,-=0, 4% simple algebraic 
points of discontinuity. 

19. If 2 encircles a, the integral 7 in a), of (47), becomes 


4 


(> —1 (+p\r—1 (+ 
(za) (26)*— (zdz) | 
and the most general transformation which 7 experiences when 2 takes a course 
which involves circuits about «a, 6, ¢ is of the form 


8; (48) 


The same remarks apply to 7 in cases ,3) and 7). 


| 
4 
| 
| 
i} 
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If, in (48), 7 =o, then 7 = a2. Whence we have to deal with linear 
substitutions for which the point 7 = «2 remains fixed. 
And if, instead of the branch of 7 defined by (47), we take another branch 
which arises from this by any linear substitution a. ; , we will have to deal 
with such a group of linear substitutions as leave fixed a definite point of our 


new 7/-plane. 


II. 


Conformal lepresentations produced by the 4-function when i, u,v are Real. 

20. The equation + 4 + # + vy = 2k -+- 1 can be satisfied not only for real 
but also for imaginary /, p, v. 

When 4, », v are real we cut the z-plane along the real aris, then study 
the representations of the two half planes. If we multiply a single triangle 
of the 7-plane by reflection, in accordance with the principle of symmetry, 
there will arise in the manner previously explained the corresponding group 
of 7-functions. As we have just seen, for the substitutions which transform 
the functions of this group into one another, a particular point of the 7-plane 
will remain fixed. Hence the three sides of each of the 7-triangles pass 
through this point. If the fixed point mentioned be moved to 7 = », the 
4-triangle becomes rectilinear, and our special case (/, #, » real) is thus char- 
acterized by the fact that our circular 7-triangle may assume the form of a 
rectilinear triangle. 

21. If 4, », » are complex, but none of them pure imaginaries 


(A=K +7", + iv”), 


instead of the old system of cuts along the real axis conceive three cuts made 
in the z-plane from any auxiliary point ( in the plane to the points a, 4, ¢, re- 
spectively, and approaching these points assymptotically (spirally).* When z 
is made to cross one of these cuts any particular branch 7, of the 7-function is 
transformed into another branch of this function, connected with 7,—as all 
branches of 7 are—by a linear substitution. The corresponding configuration 
in the 7-plane will therefore be a hexagon—when the cuts in the z-plane are 
properly chosen, a circular hexagon (Fig. 7). The angles of the points a, 4, ¢ 
of the figure are 2/’x, 2x, 20’z, respectively, and the angles at the intermediate 
points, which are all representations of the point (, are equal to the angles 
between the corresponding lines (a, (Vb, Oc in the 2-plane. 

In the particular case with which we are concerned—in which one branch 
of the P-function corresponding to our 7-function is algebraic—the substitu- 


*In order to avoid the occurrence of such spirals in the corresponding %-figure. In the im- 
mediate neighborhood of z = 0, for instance, 4 = 24 = + 1A" = pr’ e— OA" , + log p) , 
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tions by which the sides meeting in a, in 4, in ¢ are connected with each other 
are all of the form 7’ = a7 + 3; a substitution which, interpreted, geometric- 
ally, represents those transformations of a plane into itself which arise by - 
combining rotations (including translations) with a transformation of every 
figure of the plane into a similar figure. 

From (47) we see that the representations in cases a), 3), 7) differ from 
one another in this respect: in case a) the vertices of our triangle (or hexa- 
gon lie in the finite portion of the 7-plane ; but in ,3) one vertex, and in 7) two 
vertices, lie at infinity (see Fig. 8). 

22. Since /, #, v are not necessarily less than 1, but may have any magni- 
tudes whatever, it is obvious that a triangle of which 4z, uz, »z are the angles 
will not, in general, be a triangle in the elementary sense of the word, but may 
be any figure bounded by three ares of circles, which may be less or greater 
than whole circumferences, and having angles of any magnitude whatever. 
The surface of such a triangle will consist of that of the elementary triangle 
determined by the three angular points, together with multiples of half-planes. 
As will be seen later on, the general triangle in any case may be constructed 
from the elementary triangle having the same vertices by the attachment of 
half-planes. 

23. In case /, y, v be real, ¢,(2,, 2.) is itself real, and it is natural to inquire : 
How many real roots has ¢, = 0 in the segments 6— ce, ea, a~~hb of 
the real axis? Also, how many imaginary roots has ¢,? If the numbers 
referred to be represented by 7, m, n, 2p, respectively, then 

(49) 

It can be proven that / represents the number of times that the side of 
the 7-triangle opposite the angle Az passes through the point at infinity ; that 
m and n stand in the same relation to the other two sides ; and that p repre- 
sents the number of times the body of the triangle passes through the point at 
infinity. 

If, then, the form of any rectilinear triangle be given, with the angles /z, 
px, vz, the values of 2, m, n, p are known directly.* 


Casea): 
24. In this case, in accordance with (45), 4 — » + v= 2k + 1 is a posi- 


tive odd integer. 
In investigating the possible forms of the triangles corresponding to this 


* These values have been determined by Stieltjes and Hilbert in their investigations by alge- 
braic methods of hypergeometric series of a finite number of terms (Crelle, Bd. 103, 1887.) 
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case, we begin with a process which we may characterize as that of arithmetic 
reduction. 
Let . . . 
+ 


y= + 


in which ¢(A), and (4), are the integral and fractional parts 
of 4, », respectively. Either or all of (A), may be zero. If (A), (14), 
(v) are all zero then /, », v are integers. Since 4+ » + » = 2k + 1, we shall 
have three general cases to discuss, according as (A) + (”) + (vy) = 0, 1, or 2; 
i. e. according as ¢(A) + ¢() + ¢(v) = an odd integer, an even integer, or an 
odd integer. 
We suppose ¢(4) > €(#) > F(v), which is not a restriction, and distinguish 
between the cases 
(4) + Fr), 
Disregarding for the present the case (A) + (”) + (») = 0, we have four 
cases between which to distinguish. These I shall call A,,, Aj, A, A, as 
indicated in the following table : 


F(A) < (2) A, A, 


25. Reduction of vase A,,. 

Assume (4) = 6 + ¢, F(m) =e+ a, F(v) =a + 4b, in which «, 4, ¢ are 
positive integral numbers, and take as the angles of a reduced triangle,* i,z, 
Mot, = (¥)z, respectively. Throughout this discussion by a re- 
duced triangle is meant what is left of the given triangle on removing as 
many half-planes as possible from it. Often in giving the meaning of an 
angle, say 4x, we shall omit writing the z. Hence by (50) we may ascend to 
the general triangle through the system of equations 


A=4+b+6¢,] 

fp=m+e+a, > (51) 
yv=y+a+b6. 


* Klein: Ueber die Nullstellen der hypergeometrischen Reihe, Math. Annalen, Vol. 37, p. 580. 


| 
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26. Reduction of case Aj». 
In a manner analogous to that employed in A,,, we put 


in which 2/4 is an even integer ; for the reduced-triangle 
%~=()- 


Fifially by what precedes and by (50), we may ascend to the general triangle 
by means of the formule 


A=A+b6+e42A 


(52) 


27. Reduction of case Ax. 
In this case + + &(v) is odd ; and since = + &(»), we 
shall define three numbers a, 6, c = 0, by means of the equations 


F(A =b+e4+1, Fw Fvy=a+b. 
In this case we put for our reduced triangle 
+1, »=()5 
whence A, + / + % = 3; then by (50) we ascend to the general triangle by 


means of the formule 
A= i, +b+¢ 
(53) 
| 


yv=y+a+d.) 
28. Reduction of case Ay, 
Putting 
F(A =b+e42A+41, =); 


we have 


tb+e4+2A,] 
(54) 
J 
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The formule for the reduced and general triangles in (51), (52), (53), (54) 
satisfy the general condition that 4 + » + v is an odd positive integer = 2h - 1, 
_as they should. 

29. Geometric construction. In cases A,,, A,,, we have for our reduced 
triangle 4, + #4 + %—=1. The reduced triangle is therefore the ordinary 
plane triangle of Euclid (Fig. 9), and each angle is less than z. On the other 
hand in cases A,,, A» 4, + % + % = 3, 4 alone being greater than z. Hence 
our reduced triangle in these cases will have the form shown in Fig. 10. In 
the case of Fig. 9, 


by (49) ; in that of Fig. 10, 
m =0, n k,=1. 


From the reduction formule (51)-(54) we see that these are certain geo- 
metrical operations to be applied to the several reduced triangles a times, 
4 times, c times, and A times in order to develop from them the general tri- 
angles. These operations are of two kinds, the /ateral and the polar attach- 
ment of half-planes In the first case we attach half-planes to the sides of the 
reduced triangle. If, for example, we attach a half-plane to the horizontal 
side of Fig. 9, our triangle becomes the triangle of Fig. 11. The horizontal 
side has in this way been transformed into its complement: ,, ») have each 
been increased by unity, while / has become 1. A repetition of the operation 
will give rise to branch points at the two lower vertices, the surface of the 
triangle having been increased by a whole-plane. The horizontal side again 
becomes the side of the original triangle or / again becomes zero, but on the 
other hand, p now equals 1. 

In the polar attachment we draw a line from the vertex to any point of 
the base and attach a half-plane «tong the line as a branch-section (Verzwei- 
gungsschnitt) (Fig. 12). The angle 4 will then become /, + 27, and / will 
equal 1. 

In cases A,,, A, the arithmetic reduction was made by the equations . 


A=A+b+e, p=mieta, v=yH+a+56; 
in cases A,,, A,. by the equations 
A=A+64+€64+2A, p=mte, v=y+4+5. 


The geometric meaning of this is, that, in cases A,,, A,,, we pass from the re- 
duced triangle to the general, by the lateral attachment of a, 4, and ¢ half- 


| 


it 
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planes, respectively, to the three sides of the reduced triangle ; in cases A,,, 
A,,, by the lateral attachment of ) and ¢ half-planes, respectively, to two of 
the sides, and by the polar attachment of A half-planes to the angle included 
between these sides. 

30. If the general triangle arises from the reduced by the lateral attach- 
ment of a, 4, c half-planes, and we put 


c=2’+ 8, 
where ¢, may = 0 or 1, then in accordance with (49) 
i=4, Gm, poe +F+¢. 


On the other hand the effect of the polar attachment of A half-planes to 
the vertex / is to cause the side opposite Z to pass through infinity A times. 

From the results of the above discussion we construct the following table 
for the various values of /, m, , and p, in the different cases under 4) : 


l min | 


A,| | & & 
A 
A, 1+4+A | 


31. Case in which A, p, v are integral and } + pp + v is an odd positive 
integer = 2k +1. 

To explain the geometric construction in case /, », » are integers, we have 
simply to put for our reduced triangle 


4A=1, =1, y=1, 
and ascend to the general triangle by means of the equations 
A=h+b+e, p=mt+eta, (55) 


where, as above, a, 4, ¢ are supposed to be positive integers. Our reduced 
triangle will have the form given in Fig. 14. 

1° In the special case, 4 = 2, »=2,»—1, the 7-triangle has the form 
given in Fig. 15. . 

2° For the case, 3, 4 =3,»=—1, see Fig. 16. 

3° For the case, 4= 4, see Fig. 17. 


I 
i| fl 
| 
N 
| 
| 
| 


THE HYPERGEOMETRIC DIFFERENTIAL EQUATION. 171 


The general triangle in (55) is completed by lateral attachment of half- 
planes. 

We may also have polar-attachment of half-planes, the branch-section 
coinciding with the 7-real-axis. 

In analogy with the table at the end of Art. 30, we will have 


( 
A») =A+l1, M=f&, +e. 


32. The cases in which one or two of the quantities /, 4, » are zero should 
be discussed under ) and 7). Because, if 4 = 0 in a) of (47), then the vertex 
of the 7-triangle corresponding to the point z = 0 would lie at infinity, and all 
such cases belong to case /). If, say, » = 0 = » in a) of (47), then the ver- 
tices M, N of the 7-triangle would lie at infinity ; such cases belong to 7). 

The case 4 = » = » = 0, can never exist ; because / is then a negative 
quantity (— — 4), which is contrary to hypothesis. 


Case 8): 


33. In this case, in accordance with (45), A+ l* isa 
positive integer. Hence there always exists the inequality 4< +». 

In case 3), as in case a), we may employ the system of equations (50) sub- 
ject to the conditions —4 + w+ »=2k + landé>p-+v. There are now 
only two general cases to be considered, 

—(4)+ (4) + =1, (b,) 
— (4) + + %) =9; (b,) 
whereas in case a) there were three. 


Considered geometrically the negative sign before / indicates that the ver- 
tex of the 7-triangle which corresponds to the point z = «a of the z-plane, is 
at « , as is shown by equation (47), /). 

(b,). — (A) + (4) + (¥) =1. This case may be readily explained, and the 
corresponding geometric operations accomplished, if we put 

EA =bic, E(w) =e+a, 
= (4), fy = (1) = (4); 
A=4+6+¢e, +e+a, y=wyt+a+b, 


where, as before, a, , c are positive integers. 


whence 


*It is a matter of convention that / is negative. Either A, or », or y may be negative. 
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Evidently, — 4, + # + », == land —/ + p + » = 2a + 1, as they should 
be, in conformity with the conditions of our problem. The reduced triangle 
will take the form given in Fig. 18,* and the general triangle may be con- 
structed from it by the lateral attachment of a, b, ¢ half-planes. For the 
special cases, 4=/,, =m +1,»=%+1; 
y=», + 2, see Fig. 19 and Fig. 20, respectively. Fig. 19 is constructed by 
the lateral attachment of a half-plane to the side 74 in Fig. 19. 

(b,). —(4) + (4) + = 90. Inthis case we may have 1° (A) = (#) + 
or 2° (2) = = 0. 

1° (4) = () + (»). In order to construct all the triangles in this case, we 
have simply to put for our reduced triangle 


4A=(4), M=()+1, 
and to ascend to the general triangle we place 
FA =b+e, 


whence, finally, 


A=A+b+¢, ) 

| 
- (58) 


which satisfy the condition — 4 4+ » + »= 2k +1. The reduced triangle 
will have the form shown in Fig. 21. For, from the triangle JLVQ, 


Ay = + (A) = + 


For the special case 4 = /4,, wy +1,» + 1, see Fig. 22. 

2° (A) = (4) = (x) = 0. The discussion of this case is perfectly analo- 
gous to that of the corresponding case under a) in which 4, », » are each inte- 
gral, the only difference being that the vertex of the 7-triangle which corre- 
sponds to —- / in this case lies at infinity (see Fig. 23). 

34. (b,). If » and v be fractional and 4 = 0, but as before — 4+ p+ v 
= 2k + 1, we put 


} 
(59) 
vy = + 


* From the triangle L’ WN, Fig. 18, 
Ag t1—po +1 =1; ie. 
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where (#2) + (») may equal 0 or 1. If (”) = (+) = 0, then J, », » are integral, 
the case just discussed. 
If (4) + = 1, we put for the reduced triangle 4, = 0, = (1), = (») 
(see Fig. 24), and ascend to the general triangle by putting ¢(/) = 0, (”) = +, 
= b+ 2A; whence 
ian®, 
6, (60) 
J) 


where, as above, 4 and A are positive integers. We can construct this general 
triangle by the polar attachment of A half-planes and the lateral attachment 
of } half-planes to the triangle in Fig. 24. 

If, in particular, A =1 so that 4=0, 
the corresponding triangle will have the form given in Fig. 25. 

35. (b,). If 4 be integral, then (4) = 0 , and we shall have the same reduced 
triangle as that employed in (b,). The only difference between this case and 
(b,) is, that in case (b,) in ascending to the general triangle we employed both 
lateral and polar attachment of half-planes, while to ascend to the general 
triangle in case (b,) we have to employ only lateral attachment of half-planes 
to MN, or NZ, or LM. 

36. To find the number of times a side, or the surface of our triangles, 
passes through infinity, in cases (b,), (b,), (b,), (b,) we proceed as in Art. 31, 
(56). 

From (49) 


L+m+n+ (61) 
and, as before, we put 
in which ¢,, ¢,,¢,—0orl. Substituting the formule for the general triangle, 
we will have for (4,), (4,), (44), 


p=6, +4, 
and, for (4,), 
p28, (=W+«, m=O, 2 =A. 


Here p represents the number of times the body of the 7-triangle covers 
the point or infinity, and /, #, n, the number of times the sides of the triangles 
opposite the vertices Z, M, N, respectively, pass through infinity. 

It is to be noticed, in case f), that the point Z is a branch point. 
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Case 7): +1. 


37. In this case 4 — » — vy = 2k + 1is a positive integer. As in a) we 
employ the set of equations (50). There are two general cases, . 


(4) = —1, (¢,) 
(4) — (#) —(¥) = 0. (2) 
(c,). (4) —(#) —(r) == —1. In this case we take for the reduced tri- q 


angle 
+2, M=(4), 


The form of this triangle will be that given in Fig. 26, the angles WM and V ; 
lving at 
The general triangle may be constructed by putting 
=6+¢4+2(441), Fw =e, Fv) =), 
whence 
A=A4+54+ 642A, p=mt+e, (62) 
We effect this construction by the lateral attachment of 4 and ¢ half- 
planes and the polar attachment of A half-planes. 
For the special case, 


A=4+1, pep, vos+i, 


we have a triangle of the form given in Fig. 27. 

The case,4 = 4,+ 3, when A=>=1,c=0, 
4 —1, is constructed by the diagonal polar attachment of a half-plane, in Fig. 
27, to a branch section running from the vertex Z to the opposite side. 

(e,). 1° (A) = (#) + (»); (4), (2), (») not = 0. We may here put for 
the reduced triangle 


4=A+1, m=(4), 
For, from the triangle NV’, Fig. 28, 
My + fy 2—4, = 1; e. — (4) + =O. 
For the general triangle we may put 


En) =e, Fr) =); 


p=m+e, (63) 


The general triangle may, therefore, be constructed from Fig. 28 by the lateral 
attachment of 4 and ¢ half-planes and the polar attachment of A half-planes. 


whence 
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The triangle for the special case, 4 = 4, + 2, is given in 
Fig. 29. 

2° (A) = + (»), (4) = (4) = (») = 0. In this case /, », » are integral 
numbers. We take for the reduced triangle, 4, = 1, = 0,» —0; i. e. the 
triangle given in Fig. 30. 

Since 4 — » — vis an odd integer, the general triangle may be constructed 
by means of the formule 


p=mMmt+e, (64) 


In this case we shall have the lateral attachment of 4 and c half-planes and 
the polar attachment of A half-planes. 
In Figs. 31 and 32, the forms of the triangles are given for the special 


cases 


A=4+3, 
respectively. 

38. (c,). If »~=O0=v, 4= 2k +1 is an odd integer. To construct all 
triangles belonging to this case we take the reduced triangle employed in 37, 
2°. The general triangle may be constructed by the polar attachment of & 
half-planes along the branch-cut running from / to the opposite side (see Fig. 
33). 

39. (c,). A — —v = 2k + 1, only being integral. 

We put 
A=EFA+4+0, 
whence 

A—p—v=2k4+1= (4) — — F (+) — 
Hence we may have either 
(2) 
Case (1), — (”) — (v) = 0, may be satisfied, and thus only, by putting 


(“) =(¥)=0. 4, », » would then be integral numbers. This case has already 


been discussed in Art. 38. 
(2). Tf — (m) — (v) = — 1, we put for the reduced triangle 


A= 2, Y= (%); 
then 
Ay — fo —% = = 1, 


as it should be (see Fig. 34). We construct the general triangle by means of 
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the system of equations 
p=mte, v=H4+5, 


by the lateral attachment of 4 and c half-planes and the polar attachment of 
A half-planes. 

The form of the triangle in the special case, = 3, p= +1, 
may be seen in Fig. 35. 

40. In regard to the number of times the sides and surface of the 7-tri- 
angles pass through infinity, it may be remarked that by substitution in the 
formula 


(49) 
i=A, 


we obtain 


in all the four cases (c,) — (¢,). 

Hence the side of the 7-triangle opposite the vertex Z passes A times 
through infinity, the two sides opposite MJ and JY and the body of the 7-tri- 
angle do not pass through the point at o. 


III. 


Conformal Representations produced by the 4-function when i, p, v are 
complex. 


Case a): A+ 


41. Suppose the z-plane be cut along three lines extending from a, 6, ¢ to 
an auxiliary point 0. The corresponding representation in the 7-plane is a 
hexagon, three of whose vertices, 1, 3, 5, correspond to O, and the remaining 
three, 2, 4, 6, to a, 4, c, respectively. The sides meeting in each of the last 
three points are connected with one another by a linear substitution. In order 
to form a clear conception of this representation, let us first consider in con- 
nection with it the case in which /, ~, » are real. It is assumed throughout 
thatA+ 

42. We begin with the reduced case, 4, + 4, + », = 1, and draw the 
z-plane, as before, cut along the vea/ axis, and construct the triangle in the 
4-plane which corresponds to the positive half of the 2z-plane (see Fig. 36). 
About this triangle of the 7-plane we coustruct three representations of the 
negative half of the z-plane, each of these representations corresponding to 
one of the three segments bc, ca, ab over which we may cross when, starting 
in the positive half of the z-plane, we pass into the negative half of the same. 
An auxiliary point ( is then taken in one of these side triangles and joined by 
straight lines to the vertices of the same, thus dividing the triangle into three 
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portions, which we shall call 1, 2, 3 (see Fig. 37), and a corresponding con- 
struction is made in each of the remaining side triangles. We next form the 
corresponding figure in the z-plane and in this figure number 1, 2, 3 the re- 
gions which correspond to those similarly numbered in Fig. 37 (see Fig. 38). 

If now instead of cutting the z-plane along the axis of real numbers, we 
cut it in the lines 06, Oc, Oa evidently the corresponding projection in the 
7-plane will be the hexagon which is ruled in Fig. 37, and which we shall once 
more draw so as to indicate the correspondence of its path to the positive and 
negative half of the 2-plane (see Fig. 39). Its sides as indicated in the figure 
are connected by rotations of the 7-plane about the vertices a, 4, c, the ampli- 
tude of these rotations being 2/z, 2uz, 2vz, respectively. 

We consider next the special case of the general kind of representation 
which arises when the point 0 coincides with the point a (see Fig. 40). Here 
the regions 2 and 3 vanish, and the representation degenerates into the quadri- 
lateral, i. e. is simply the representation of the z-plane when cut from 4 through 
a to c in a straight line (see Fig. 40). This would be the projection in the re- 
duced case, 4, + + =1. 

43. The next question that arises is, how can one pass from the reduced 
case to the general case /,,»? Or, in other words, what in our new repre- 
sentation takes the place of duteral and polar attachment of half-planes ? It is 
of course the attachment of whole planes. In fact there is no difficulty pre- 
Sented in attaching a whole plane along one of the segments “NV, V1, LM 
(in Figs. 39 and 40), the segment in case it does not lie exactly on the border 
of the figure to be regarded as a branch which unites the two branch points 
which lie in the vertices. Also, the polar attachment of whole-planes is easy 
to understand, if (confining ourselves to the point Z) we hold fast to Fig. 40. 
In this case one has simply to draw a diagonal from / to Z, the dotted line in 
Fig. 40, and to this dotted diagonal as a branch-section attach whole-planes. 

In Fig. 39 we draw from Z two dotted lines to two sides of the hexagon 
which belong together and attach a half-plane along each (see Fig. 41). 

The same method of procedure may be applied to the case in which the 
reduced triangle is defined by 4, + fp + %=3. 

We have, then, the triangle shown in Fig. 42, and develop from it, by 
means of a single reflection, the quadrilateral of Fig. 43, whose surface passes 
once through infinity. Here we can just as readily attach whole-planes as in 
the case just considered ; only, for example, the dotted diagonal corresponding 
to that drawn in Fig. 40 connecting /Z must now pass through infinity. 

44. Having finished this preparatory discussion, we now proceed to the 
consideration of complex exponents, 
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We suppose all that has been done with the real exponents, in the pre- 
ceding section, to be done with the real parts of the complex exponents. 

We shall, for the present, exclude the cases in which 7’, y’, /’ are integral 
or zero, and put 


and distinguish two cases, (/’) + + (’) = 1lor2. In the first case we put 


and in the second, 
hy (7) + 1 ’ (“’) ’ 


and we assume 


Our problem now is to develop a representation of the z-plane for the 
reduced cases, 


dg = + 2”, = fo + +n". 


From it we shall easily pass by attachment of whole planes to the cases of 
arbitrary values of /, v. 

45. We begin with the case in which /, », » are complex and A, + % + % 
= 1. We construct in the 7-plane a quadrilateral whose sides are straight 
lines (Fig. 44, which is a generalization of that in Art. 40, the subdivision into 
symmetric triangles disappearing). The angles at J/ and J are respectively 
Quox, 2,7, and the two sides radiating from JM, as indicated in Fig. 44, are not 
of the same length, but have the ratio s: se~*’*". Similarly, the two sides 
radiating from 1 have the ratio ¢: te-*”". In fact these two pairs of sides are 
connected by the loxodromic substitutions,* 


respectively ; i. e. by rotations of 27 and 2v,z, associated with extensions in 
the ratios and 
The quadrilateral, constructed in this manner, which results if the z-plane 
be cut spirallyt from W/ and JN through Z, is the representation we are seeking. 
46. Proor. In accordance with § 4 of the Introduction it follows at once, 
from the construction, that the quadrilateral may be regarded as a complete 


* Lithographic notes of Klein’s lectures on differential equations, winter semester, 1890-91. 
+ Klein’s lectures on differential equations, 1890-1891, p. 161. 
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representation of the entire 2-plane, and as such, defines a function 7 (a, 4, ¢, x) ; 
also, the function 7 (a, 4, c, x) so defined has for the points z = 4, ¢ the expo- 
nents /4, %- It only remains to show that for the point 2 = a the exponent is 
Ay =k, + By hypothesis, 4, -+ = 1; whence 2” + 0, 
and #, + yw, +, —1. Hence it must be shown that for z — a the exponent 
is = 1 — — — 4+ or, in other words, it must be shown that 
the two sides radiating from /, in Fig. 44, are connected by a loxodromie sub- 
stitution which has an angle of rotation equal to 2(1 — ’, — »’,) = and causes 
an extension of the plane in the ratio e+", 

To show this, we annex to our quadrilateral by means of the loxodromic 
substitution employed in Fig. 44, a second quadrilateral (see Fig. 45). We add 
the two dotted lines NV and VM so forming a second quadrilateral VWVLMN. 
This second quadrilateral constitutes a new representation of the 2-plane, ob- 
tained by cutting the z-plane along a line extending from « through + to ¢. 
Since the sum of the angles of a quadrilateral equals 27, and by construction 
the angle WLM (Fig. 45) is equal to the sum of the angles at the vertices 1 
above and / below in the original quadrilateral (Fig. 44), the angle M/M will 
equal 2(1 — #’, — ,)z. Also, the two sides ZW to the left and ZW to the 
right, in Fig. 45, have lengths whose ratio is s: se~**"+"", which supplies the 
proper modulus 

Hence, as was to be shown, the quadrilateral (Fig. 44) is a representation 

of the z-plane by means of 7 iat a|- 

47. We discuss next in an analogous manner the case A, + ~~ % = 3. 
Proceeding in a manner similar to that in Art. 46, we have, corresponding to 
Fig. 43, instead of Fig. 44, Fig. 46, a quadrilateral which passes once through 
infinity ; that is to say, extends over the whole of the infinite portion of the 
plane. 

In view of the discussion at the end of Art. 44 it is an easy matter, when 
4, w, v are complex and 4, + 4, + % = either 1 or 3, to ascend from the reduced 
polygons, as represented in Figs. 44 and 46, to the general polygons by means 
of lateral and polar attachment of whole-planes. In Figs. 44 and 46, if 
< + F(x), there must be a lateral attachment of «, whole-planes ; 
if, on the other hand ¢(A) > ¢(#) + €(v), there must be a lateral attachment of 
4 and ¢ whole-planes and a polar attachment of A whole-planes. That is in 
Fig. 44, the point at infinity will be covered by the sheets of the polygon 
a+6b+ cand A + 4-4 ¢ times, respectively. In Fig. 46, the corresponding 
numbers will be a + 4+ ¢ +land A+4+c¢+1. These four numbers are 
in each case equal to $(A + »# + » — 1) =f, the total number of roots of the 


equation ¢ (x, #,) = 9. 
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The discussion of special cases ; i. e. when the real parts of A, 4, » are 
integral, ete., will be deferred until cases 4) and 7) have been discussed. 


Case 2): 


48. The character of the polygons belonging to this case is defined by the 
formula —4-| + » = 2k 4 1, where /, », v are complex numbers whose real 
parts are rational, not integral, and / is a positive integer. The discussion of 
the cases in which the real parts of 4, 4, » are integral will be given later, in 
Art. 50. 

We begin, as in case 4), by placing 


Since 
-A+ptv=2k+1, 
we have 
and —i’+4+ 


We now separate the real rational numbers 7’, 1’, / into their integral and frac- 
tional parts by the equations, 


Since — / 4+ yp 4 vo = 2k 4-1, we shall have two cases to consider, 
=0. (b,) 


1. In the presentation of this case we put, 
for the reduced polygon, 


This is admissible, since the two systems of equations just given satisfy the 
conditions of our problem ; i. e. 


Let the z-plane be cut from ¢ through 4 to a. The integral 7 in (47), ,3) 
shows that the vertex of the 7-polygon corresponding to the point z = « lies 
at infinity. 

Hence, in analogy with the method employed in the preceding case, the 
figure which arises by the corresponding loxodromic substitutions (see Fig. 47 ; 
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also, compare Art. 45) has angles at V and / or JZ’ equal to 2v',7 and 2/’,z, 
respectively, by construction, and the sum of the remaining angles (at J/ and 
M’) may be demonstrated, as above, by Fig. 45, to be 27’. 

That Fig. 47 satisfies the conditions of the problem may be easily seen : 
If we assume y’, + »’, = 2”’,, then, from the polygon UZLMNM, we have 


i.e. 2 = 2/, — — 4+ 4, or +4, 4+%,=1. 


We can ascend to the general 7-polygon, by means of the system of 
equations 
A=A+b+e, w=miet+a, 


a, 6, c being positive integers (see Art. 25). In accordance with the equations 
just given, the general polygon in Fig. 47 is constructed by the lateral attach- 
ment of a, +, c whole-planes to the sides of the reduced 7-polygon, as branch- 
sections. 

Since the point at infinity in this case (Fig. 47) is itself a branch point: 
this point will not be covered by the whole-planes attached to the sides WZ 
above and MZ below, but will be covered by the 7-polygon « times only. 

Fig. 48 illustrates the construction of the 7-polygon when 


(b,). Here (4°) = (2’), neither (7’), being zero. The reduced 
polygon in this case is characterized by the equations 


== (z), +1, = 
Proceeding in a manner analogous to that adopted in the derivation of 
Fig. 47, Fig. 49 is obtained for the reduced polygon in this case. That this 
figure satisfies the conditions of our problem is shown as follows :— 


Assuming 
= + + + 2, 


the polygon VMLM gives 
= (2 — + + yz + 
whence 
2= 2 — 2, + Qn’, — 2 + 
or 
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We may now construct the general 7-polygon by means of the systems of 
equations 
A=h+b+e, p=mt+eta, v=y+a+6; 
Ng G2 i. e. by the lateral attachment of a, b, ¢ whole-planes to the four sides of the 
reduced polygon, Fig. 49. 


Ne be ae In Fig. 49, the point Z is a branch point; whence the planes attached 

WARD) | Gs laterally to the sides /Z above and MZ below do not cover the point at 

é infinity. 

t it The point at infinity is covered a times only ; for, in this case, ) 
dey the number of roots of ¢, = 0. 

] Casey): A—po—v=2k4+1. 


ae 49. In this case & is a positive integer and /, », », are complex ; whence 

Retaining the same method of division of /, #, v into real and imaginary 

parts which was employed in a) and /), we must have, owing to the equation 


- 
wae 
= 


A—p—v=2h —p = 2k + Lands’ — —v’=0. 
Again, separating 7’, into their integral and fractional parts, we have 
| i I " the cases to consider : 
+ Y)=—1. (¢2) 
(c,). (7) — + (’) = 0, but (’) not — 0. In this case the 


reduced polygon may be defined by the equations 
M=A+1, vy = 
In a manner analogous to that employed in cases a) and /3), just preced- 
ing, we obtain for our reduced 7-polygon, Fig. 50. That Fig. 50 satisfies the 


conditions of the problem may be easily seen as follows :— 
Assuming 


2 = 2%, = + 2, 
we have, from polygon LN’LM’, Fig. 50, 
+ + 2—4,4+2—4,—2=2; 


i.e. ky — poo + =0. 
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Since 4 > # + v, we may, as in the corresponding case of Art. 26, ascend 
to the general 7-polygon by means of the equations 


A=h +64 ¢42A, po=mtec, 


This general polygon is constructed by thg lateral attachment of 4 + e 
whole-planes and the polar attachment of A whole-planes to the sides of the 
reduced polygon in Fig. 50. The general surfaces will cover the point at 
infinity A times only, since Jf and J are branch points at infinity. 

(e,). (4) — = —1. We take for our reduced polygon 


444-4. 


In the same manner as the reduced polygons were derived in the preced- 
ing cases, we may show that in this case our reduced polygon will have the 
form given in Fig. 51. That Fig. 51 satisfies the conditions of the problem is 
shown as follows :— 

From the polygon LNV’LM’ we have 


2=>2 — + 2 — + 42; 
i. e. 2 == 2 — 2’, + 2 — Qn’, + 2%, — 4, 
or Kyo flo = 1. 


We may construct the 7-polygon for the values 4, 
by the polar attachment, in Fig. 51, of a whole-plane along a branch-line drawn 
from / above to Z below. The general polygon may be constructed by means 
of the equations 


A=A+b+¢4+2A, p=m+e, 


i. e. by the lateral attachment of 4 and ¢ whole-planes to the sides of the poly- 
gon in Fig. 51 and the polar attachment of A whole-planes to a branch-section 
running from Z above to / below. 

The point at infinity will be covered A times. 

50. 4, 4, » complex ; but their real parts all integral, one integral, or one 
zero. 

In what precedes we have shown how the six reduced polygons, a) Figs. 
40, 46; 3) Figs. 47, 49; 7) Figs. 50, 51 were derived, assuming /, », » to be 
complex. In Art. 17 it was shown that equation (45) holds for all values of 
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be 4, », »v, Whether /, 4, », being real are integral, or being complex their real parts 

d te are integral. If the real parts of /, , v are all integral, the reduced polygons 
f 4 | corresponding to Figs. 40 and 47 vanish, while those corresponding to Figs. 
BY ee 46 and 49 reduce to Fig. 52, in which, however, one of the points, say Z, may 
lie at infinity. In the case illustrated by Fig. 46, retaining the notation used 
in the discussion of cases a), 3), 7), (A, 4, » complex), if 7’, 1’, are integers, we 


a place for our reduced polygon, 


AS 


The form of the reduced polygon is shown in Fig. 52. 

In the case illustrated by Fig. 47, the form and position of the reduced 
triangle is the same, except that the vertex Z lies at infinity. 

If, in the cases illustrated by Figs. 50 and 51, 7, »’, / are positive inte- 
gers the corresponding reduced polygons become that shown in Fig. 53. The 
arithmetical reduction belonging to this case will be 


whence 


or 
, 
49 — — Yo = 1, 


as required. 
It is a simple matter after the discussion for complex 4, », v (the real parts 
ot of not being integral) to show how to form the general polygons from 
’ eR the reduced-polygons shown in Figs. 52 and 53. 
If a single is integral, we may construct the reduced-polygons cor- 
if ‘ responding to the reduced-polygons, a) Figs. 40, 47 ; ,3) Figs. 46, 49 ; 7) Figs. 
50, 51 by modifying them in the proper manner ; and so, likewise, if either 7’, 


uw, are zero. 


IV. 
Le igi 51. In this section we propose to show what triangles in II define the 
t algebraic integrals of the differential equation, 


dy  y—(a+f+1)e ap 


" found by Schwarz in Crelle’s Journal, Vol. 75, § 1, from 1* to 4°. 
We shall retain Schwarz’s notation throughout this discussion, putting 


#=(1—7?, 


and consider simply the cases in which /, 4, » are positive. 
* Schwarz’s paper, § 3. 
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52. We shall not take space to repeat the various conditions under which 
the several integrals mentioned by Schwarz are algebraic integrals. 

In 1¢ of Schwarz’s paper, F'(a, 3, 7, 2) = F'(— n, 7, under the con- 
ditions named by him, is an integral algebraic integral when a — —n. From 
Art. 51 we have 

A=1—y, p=a-—f, v=y—a—f; 

whence 4 — » + v is a positive odd integer == 2n + 1. By interchanging / 
and yp, this falls under cas 3) in Art. 33. 

53. In 1°, under the conditions named, 


27 in’, f+ n’,1 +n, 2) 


is an integral algebraic function when 1 — 7 = 7’ and a —; + 1==—n+n’, 
nand n’ being integers. In our notation 4 will be integral and 4— + »=2n —-1, 
hence this case falls under 3), in Art. 35, (b,). 

54. 1° is embraced by Schwarz in the discussion of 1° and 1’. 

55. 2 furnishes the conditions that the integral 


(1 (7 — a, 7 — 7, 2) = (n + + Cc, — Ny 7, 2) 


be an algebraic function ; namely, ; — 3 = — n, a negative integer (c being a 
rational number). In our notation, from Art. 51 we have 4 — » — vy = 2n 4-1, 
a positive odd integer. The case 2* falls under IT, 7). 


56. In 2° 
A=1—y=n, P=l+a—-n, 


n and »’ being positive integers. / is thus a positive integer ; ”, positive and 
rational ; », negative and rational. Hence, interchanging / and », 2” falls under 


II, (b,). 
57. The discussion of 2° is embraced under that of 2% and 2”. 
58. In 3° a —7 + 1 = whence, since 
A=1—y, po=a—fp, v=y—a—Af, 
we have 


a positive odd integer. By interchanging / and », this case falls under IT, 7). 


59. In 3° 
a=—n+n, p=n—n", y=14n, 


n,n’, xn” being positive integers ; whence 
a negative integer, 
f= —n-+n", a negative integer, 


y=y—a—fs—1+n—n' +n’, positive integer, 


* 


¥ 
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since 
<n. 


That is, /, 4, » are all integral, 4 and » being negative ; hence by interchanging 

4 and », 3” falls under the case of integral values of 4, #, v in II, 7), (¢,). 
60. Case 3° is embraced under those considered in Arts. 58 and 59. - 
61. 4“ has 3 = 1 + ~, an integral number; hence, taking the negative 

values of 4, 4, », in 51, we obtain 4 + # -+- » = 2n +1, an odd positive inte- 


ger. This case falls under IT, «). g 
62. From 4° 


” 


+n —n—-1; 


n,n’, n", being integers. Hence, taking the negative values of /, #, » from Art. 
51, we have 4 =n’, a positive integer; — — xn", a positive integer ; 
a+ t—n"—n' +n + 1,2 positive integer. 4” is, therefore, em- 


braced in the integral case discussed under II, «). 
63. 4° is embraced in the discussion of 4“ and 4’. 


April 1, 1892. 
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